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ABSTRACT

Via semi-infinite programming, Data Envelopment Analysis is
extended to models with a (possibly) infinite number of Decision-
Making Units in order to provide a simpler analytic structural base
for forthcoming studies of statistical aspects. Relations with usual
multicriteria problems are brought forth. In this paper, the only
model considered is extension of phase one of the Charnes, Cooper,

Thrall development of the CCR ratio model.
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'::f A SEMI=INFINITE MULTICRITERIA PROGRAMMING
N3 APPROACH TO DAT A ENVELOPMENT ANALYSIS
e
3:2 WITH INFINITELY MANY DECISION-MAKING UNITS
'i;e bg
| ;-J A. Charnes, W.W. Cooper, and QL. Wei
Ko
S
b . Introduction
_ DEA (Data Envelopment Analysis) models such as the CCR ratio model 4], the invariant
WEN
¢
X 1¢) rultiplicative model [18] and the "additive” model [6] deal with the measurement of relative
g “technical” or "DEA” efficiency for a finite number of observed decision-making units (DMU's}

arc or the dual mathematical programming side with the estimation of a Pareto-optimal (=

multi-criteria optimal) empirical economic frontier production function {3]. On the dual sice,

Rh which is as important for the quantitative assessment of observed managerial peformance as for
s the in principle statistical estimation of the econemic Pareto-optimal frontier function, cne
g ceals with an infinite set of in principle "possible” DMUs related to the observea ones by the
-"')’ cefined structure of the moael.

,r Economists in the past have dealt with frontier functions given in parametric form anc
'.;E; have emplcyed classical statistical techniques for estimating the parameters from sample

:' observations assumed to be lying within infinite production possibility sets [20], [21], [22].
:;-j: That DEA technique could also be effectively employed for these parametric determinations was

| S_ pointed out for example in [3], but it was not until [6] that the DEA constraints and

\'-: cptimization problems were proved to be equivalent to the Charnes-Cooper test for Pareto-

; octimality of the cbserved DMU's which would egually well apply to any of the non-observed
j‘é ‘pessible DMU's.”

M The stage thus has now been set for fundamental extension of DEA efficiency an2lysis anrc,
t-":'.' thereby Pareto-optimality economic function analysis, to ana priori infinite set of DMU's

N S o N
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specifieq in vastly increased variety than is provided by the accidents of structure cf currert

mccels or the simple parametric forms currently employed for production furctions. ‘wa rer?
craw on the resources of semi-infinite programming (7, 8, ..., 14] to provice ar elecar’
stuciec structure for this as well as a simple sound analytical base fer ferthcoming stucios of
stecrastic aspects.

In this paper we limit ourselves to extensions via the CCR ratic mecel Ir crcer mot o2
IPCLr ren-Archimedean complications, we do this via the new multiphase (Archirecear
cevelcpment of Charnes, Cooper & Thrall [19]. Thereby we achieve tractable, theoretical, 2rz
cerrputaticnal aual semi-infinite programming characterizations into which firite DMU S22

car e embtecaec fer stucy.
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2. Model and Definition

we row fermaily introduce DEA via the following model. The model has an infinite
rurrter ¢f DMUs (Decision Making Units) and m items of input and s outputs. Extencing the CCR
mocel [3)te a2 (possibly) infinite set of DMUs labeled by x € X, we have:

CCR mccel te a (possibly) infinite set of DMUs labeled by x € X, we have:

S m
SuUp 2 upge(x0) 7 2w, fi(x0)

r‘,—_] 1:‘
S m
St ZupGe(x) /7 Zvify(x) < I forall x € X,
r=1 1=1
L= Uy, L‘S>T20,
vV = (V] ,,,,, Vm)f 2 O,

~xrere xC e X 15 ore ¢f the DMU'S,

f,(x; = the amount of the 1th input of DMU x, 1=1,2,..m, x € X,
Srix; = the amount of the rth output of DMU x, r=1,2,...,8, x € X,
X = the DMU set 1n, say, k-dimensional real space, Rg.

Assumrption (AlD Fer all x € Ry

fix; = (fy(x:,.., fm{x3> >0
arc -
gy = (gy(x),...,gs(x23" > 0

are certinucus vecter furctions which are cefired over Ry.

-
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“he atcve mccel is ecuivalent te the following moacel:

m s
(ot Zovify (X0 7 2 upgp (xO

i=1 r=1
m S
< st. 2vify(x)/ 2upgpr (x; 21 forall x € X,
i= r=1
u20,
v 2 0.

Using vecter nrotation, we can write
— Inf vIF(xC) /LT g(x0)
st. vif(x) / u g2l ferallxeX,

uzo0,

0
Now we replace this nonconvex nontinear fomulation with a semi-infinite programmirg
proclem by employing the Charnes-Cooper transformation of fractional programming [2].

N v

A%

t= 1/ulgx®), w=tv, u=tuy,
toc octain the semi-infinite programming problem:

— Vp= infw f(x%)

st wif(x) + uTl-gx)] 20 forall x € X, (12)

) < ul g(x0) =1, (1)
U 20, (1cs

l w 2 0. (1¢?
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fl‘:l. . The dual semi-infinite programming problem to (P) is

r— Vp = Sup 2.

%) st 2 f(x) Ax) + 57 = f(x0), (2a3

-: : . J X € X
i (D) 2 [-g0] Alx)+ s¥ = zg [~g(xD)], (2b)
'-':t ! X € X

:o ’ AMx) 2 OforallxeX (2¢)
& — s, 8" 20 (2d)

W where A(x) € Rk, A =[A(x) : x € X] € S, the generalized finite sequence space (g.f.s.s.) [8],

¥ [3]. Namely, S is the vector space of all vectors [A(x):x € X] with only finitely many non-
\-s-. zerc entries.

Theorem 1 {9], [14]. For the pair of Program (P} and (D) we have

0 Vp 2 Vp,

Assumption (A2). The set X is bounded and closed i.e., compact.

‘.','3 Lemma 1 . Assuming (A1) and (A2), Programs (P) and (D) are censistent.
e

¥ 2rcof: For Program (P), take

s U0 = g(x9) / |l g(x9) |2

N arc
wO = (w0, 1,., DT,

. where
oo w0 = max pCTg(x) / f (x)+ 1

Yo xeX
N “hen

ol d0T g(x®) = 1,

v wOoTr(x) + u0T(-g(x0) » 0 forallx e X,

w wo > 0, o >0

. Hence Program (P) is consistent.
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i For Program (D), take

#

©O0x) 0 for all x € X,

A0 ST = f(x0) > O,
e sO* = g(x9) > 0,

20 = -1,

o7y then A0(x), s97, s0%, 20 is a feasible solution of Program (D). Hence Program (D is

cersistert

A5 Employing the "regularization” technigue [1] we can obtain an Extenced Dual Trecrem.
f:ﬁ. Censicer

i» Vpm = Inf (wTf(x0) + M)

N wif(x) +uT [-g(x)] 20 forall X € X

: t+ ul [-g(x9] 2 -1,

. t+ul gx% 21,
i t20, 420, w20
tiget = R ’
:g::: (" Vom TS (262, )

(o s.t. 2 f(x) A(x) + s7 = f(x0),
\ xeX

N S -guol Ax) 87 = (2 - 2o -g(x0)],
X (DM < xEX

2,0+ 2y <M,

e AX)20 forall XeX,

. \ $T20, 5720, 2,720,240,
wrere Mis a large (unspecified) pesitive value.

e “he lirear inecuality system of (PM) is saic to be "carcnically clesec” If the set cf

Y ceefficients is ccmpact in Ry.q. and there exists intericr points [9], [13)

,-:-'j Lerma 2. Assuming (A1} and (A2), the linear inequality system cf (PM) is carorically clcsec

- .'-‘-_.' .....
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'a‘ Jrocf. According to the procf of Lemma 1, there exists (w0, 10} such that

wOTrOx) + LCT[-g(x)]1 > 0 forall x € X,

’

| -J
o 40T g(x0) = 1
- Let

o ther  (wC, .0, tO) is an interior pcint of the constraint set cf pregram (PMs.
(30 |
. It suffices to show that the set
AN f(x)
-g(x)
's cempact.

Let E< € W, 1im EK = ¥% then there are xX € X such that l

e K =oo

f(xX)

>

v
~
it

-g(xk)

Accercing to Assumption (A2), there is a subsequence {xX1} of {xt} such that lim x<! = x* zpc
J K = 00

A*eX.
>
W we can get (accoraing to (A1)
f(xx1} fx*)

£* = lim gkl = lim = €X,
Kisoo Kimoo \-G(xK1) -G(x*}

rerce the set W is clesed. Because of the continuity of f(x) arc -g(x: arc compactress of tre set

Ny X, we krow that W 1s hourdea. QED
“heorem 2 (Exterced Dual Thecrem) Assuming (A1) arc (A2}, the pair ¢f drogram (20 are

(D’ has tre same value

Vp = Inf wlf(x0) = Vn = sup Z,

o o e A T T N e \‘_j
oyt }Mf\mmifh‘:f.'i:ﬁx‘{-.,‘:n”.if.



Mcreover, Program (D) assumes its supremum as a maximum.

Jrecf. By Lemma | ard Lemma 2 anc the Inhemocenous Haar “recrer [G][13] we = 2v e
\9 X . _ _ ‘- R
""- /P‘l\/l = VDP" = max \hc —ZO /.
e in Program (D} let |
Zo = Ly = 2y, Ly 20, Iy 2o,
A ther we can get
::':‘:f ( Vo = sup (Zy" - Z.7

s.t. 2 00 A0 + 5= = f(x9)
Wt X € X

o
S0
x'x
O
N

2 [FgOOT A+ s+ = (Z4" - Z7) (-g(x0),
) xeX

v

. Nxi 20 forallxe ¥,

'.: ST20, S*20

—

AN Cerparing program (D) with program (DM), evidently

AN VDM < VD. (

P

o BLt by "heorem 1 we have
-

Ay 0D

‘l

VD S \/p. (3,

S A,
w Yy

»

Since 2regram (P) is censistent, we knew that Program (PM) has a feasitle scluticr

ShY
2 3 s
q‘t‘ L“A..’\. N{c

YN
Il‘.’"ﬂl
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, we have
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X
£
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X
<

©
N
<
J

2 VDM = \/p;u = Vp

1
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Assurrpticr “AZ) There exists ar cptimal solutiorn (W@, 4C) te Program (2)
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A R R T S T L7 ars Teperorr Toye m3e that Decseorca 20 o s
AETAA A o - Toarc Trecrer JoNSTZUE TREY Sblati sty
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- : i iias SNT LTITTAS, P Dow o 2rcoWlrtarak S owe o cireniariy the
e
T s crare T Coeo e AT Dt P AT Y S ~ - R
ALt T AT AT AT zrc AT let o wh ) LVl te 2rceotiral scluticr ¢f 2regram
————————————— -

o s Toro2t <2 e 3v- sve Zhviar cptirel seiutier of 2recrem (D)

Elala

R

ke - N D - - 2r_ ‘. ] - ¢ - 1 =
— Pl AN _,:’r ’:r‘.(’:u -~ - O orro= 1, 2‘ o S L7y
=

SOWoNR TIve The “ollcwing certriticrs.

-~
-

Sef'mitror Lot «© 2 X CMUXC s saic te te 'DEA-efficiert” if there is an cptimal solutior

arr (D) such that

’
2
o
b
[§V]

]
i
<
8
-
N
-
1

OMU x© s weak DEA-efficiert if arcerlyf

-
)

. Sroarare - Tomzs ar sgtiral suioticr WSO for 2l x eX, 59-, 9% 7,0 sueh that 2% =
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Assurrplicr (A4). (Strict complementarity) If s€7 = 0, s°°

“he result ¢f the thecrem is an immediate censecuence of Theorem 2.

280

=0 ar2ll cptimal soiuticrs of

Jdrecrare (D), th

“hecrem S Assuming (Al

1 anc sC-

orcef Because

e Introcuce a "ron-Archimedean cuantity” € [4]

irfinitesimal,; e
real fielg).

Cersicer

:O‘ S(;

er there always exists an cptimal sciuticr (we, 9] of Precram (27 such that

wC >0, w9 >0

), (A2), (A3) and (A4), DMU x© i1s DEA~-efficiert If arccrlyif Va

* =0 in all eptimal sclutions ¢f Program (D).

of (A4), the result of the theorem is an immedciate consequence of ~heorem 2

Qe D.

“he symbol € represents the

15 less thanr every positive real rumber tut greater than zero (in the extencec

( min vif(x9) / uyTg(x9)
S.t.
< Vif(x) / ulgx) 2 1 forall x e X.
(Lrgxon~IvT 5 e el >0,
L, (Wgon Tyl » e el 50,
wrere
el =i, 1, , 1) €Ry,
el = (1,1, ., 1) € Re.
Similarly, letting
o= 1/ ',’g(xc) YV AT N (VR

".I'.‘-F bl P .r,..r Ve

S, (‘
x.«.’

.
v
WV e 4 .




11
we obtain the aual pair of 2rogram (') arc 2regram (D'
M omin wof(xC)
St W + u [mex] 2 0 for all « £ X, Stz
(2% ﬁ STgxCy =, ‘e
W > e e (1n
L Ye e (e

ard
(max(zp g eis- + ee s+
s.t. 2 flx)Ax) + s- = f(xC}, fzay
X € X
(D) < 2 [FgOOINX) + s+ = Zo(-g(xC), 2T
X € X
A 2 0 ferall x € X, L 20

s-, s+ 2 0 (2¢
—

Fer the pair of Proegram (P') anc (D), the Extencea Dual Theorem 1s alsc true 3uprcss

(AC(x}, s9-, 30+, 25%) is an cptimal solution of 2rogram (D'} arc that (A1}, (A2! A3 ar:

(A4) hoicd. ~aralleling Theorem S we cefire the follewing Definition 3 arc Defiritior 4 wricn
are resgectively equivalert te Definition 1 anc Definition 2.
Defiriticn 3 Let xO € X. DMU x© is said tc be DEA efficient if ar cptimral sclutior (AT« | $°-

sC+, 259 of dregram (D) satisfies zg% = 1 ana s9- =0, s0+ = 0.

Defiriticr 4 Lat xC e X. DMU x0 is saic tc be weak DEA efficiert if ar cptimal aciutier 1320

s9-, 80+, 2,9 of Program (D) satisfies 2% = 1

..........
.

.. .~ .' ..-_-.'.. - ‘¢ ‘~. N T '_J. .
L e e e o
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N 3. DEA Efficiency and Pareto Efficiency
Fer efficient production we wish to maximize on outputs while minimizing cn irputs, sc

2 ICrsicer the follewing multiobective mathematical programming protiem:

. vomein (P10, L, (X0, =g (x), .., —gg(x))

v

. St xeX

\

N amera T = (106, ., fpe(x0)7 1S the Input vector function and

=g, gs(x))" Is the output vector function cefined for X in R,.

:::.' Cetritier S o Let x0 e X %O is said to be "Pareto efficient” for the multiobjective pregramming
5 crosier uDYf there IS re x € X, x = xO such that

O, ol ¢ U0, - g(xO)

- AT o2t east ore strict irecuality,
.

2 s

P
Y

Al

_eTrin g et x £ 0. xC s saic to be weak Pareto efficient for the multichjective

. e
)
)

¢
o

TTrmrereng erotlem (VD) 0f there is no x € X such that

PO mg(xor o (f(xC), -g(x9))

Y
LS

— SOBRER

>
bl

]

)
(%7}
(€2

ecticr we stuey the relation between (weak? DEA efficiency and (weak: 2zrete

el

(4
s

e
N
Y
3

)
N

-

“re cptirral sciutior (w@, UC) of Program (P) satisfies

PP AL
1
A

Us = w0 f(x0) =

)

N

S

mom oo oze sgptirral sciutior of the following problem

L
Sha

L) L)
2080
.

Tir WD ik e L0 [0,
e

[
P

- - -~ ' ’ Sy
- STIRONY Tl =

NO flx s LS T-a(x] 2 0 forall x e X,

AR
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S

ARR R
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we have that forall x € X

wOTr(x) + pOT(-g(x)] 2 0 = wOTF(x0) + uOT(-g(xO0),

Lemma 4. Assuming (A1), (A2) and (A3), and if the optimal soluticn (w©,1.0) of the Program

(@) satisfies
Vp = wOTf(x0) > |

then there exists scme x* € X such that
wOTr(x*) + pOT[-g(x*)] = ©.
2rocf: Suppcse that foralix € X
woTr(xy  + 40T(-g(x}] > O

witheut Toss ¢f generality, suppose w0 > 0. We take

Awy o= min {w;% min wOTf(x)+ uOT[~g(x)}/ f(x)} > O,
XEX

thus w9 - Aw, 20and feralix € X

m
(W10 = Aw ) fy () + Z wif fi(x) + uOT C-g (x)]
i=2

= wWOTf( + uOT[~g(x}] —Aw ,f (0

2 0.

W N W W N W o N W e T R T T Wy R Y P VW o g W7 "W AT W ("W TV WS W W o v o o = -~ o - _]

13

QED.

Namely, ( (w10 = Awy, woO,  wmy®T, 10 is a feasible solution of Program (P). But we

have
(w10 = Awq, wol - W 0y £(x0)
= wWOTF(X0) - Awy f(x0)
< Wl f(x0)

which yields a centradiction.

QED
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- Thecrem 6. Assuming (A1), (A2) anc (A3), anc (w0, 4C) is an optimel soluticn ¢f drogram
" (27, then
):ni OT O
Fro Vp =wb' f(xY) =]
+
ﬂ"-‘;
b if anc enly if xO is an optimal solution of the following protclem
. min (we f(x} + pOT [-g(x}].
Y X € X
2
S @roof. Accorcing tc Lemma 3, the necessity is true. Now we prove the sufficient part of the
e
.. .
Al thecrem. Suppcse that x© is an optimal solution cf the problem
v min (wC f(x) + uC7 [-g(x}],
S
e X € X
o
*‘“ fal
.‘, where (we, _C)1s ar cptimal soluticr of (23, put
b
Vp = Wl F(x0 > |
S .
A Frem Lemma 4 there exists x™ € X such that
[~
S woTfix™) « 48T[-g(x*3] = 0O
) Since
oo wlTr(x0y + seT[-g(x0))
'S =woTf(xC) -1
f) > 0,
Iy
% we have that
I:’ he - - »* - »*
Rl WO F(x0) + 407 [=g(x®)] > 0 = wC" f(x™) » LO [-¢(x™))
Lty -
which yielcs 2 contragiction
[l )
:3: QED.
. Ll
‘.‘ \ : : \ \
oy “heorem 7 Assuming (A1, (A2}, arc (A3), if the cptimal soluticn (w©@ ) of drograem (D)
v isfi
> satisfies
N Vp = w0 f(x0) =}
b
v
\:-.. ther
-~ (i) x0 is weak Dzreto efficient for the multicblective pregramming
Jhe N
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problem (VP).
(iiy  Ifferallxe X, x = xO,
weT f(x) + uOT [-g(x)] > O,
then xC is Pareto efficient for the multicb ective precrammirg procien « o 2°
(11} 1f w0 >0, ul»> 0, then xO is Pareto efficient fer the multict ective
pregraperogramming problem (VP).
dreef IF there exists x € X, x = xO such that
(f(x), =g(x})< (F(xO}, -g(x%)) |
ther from w0 2 0, u% 2 0 we have
wC Fx) + uCT [~g] < wOT £(x0) + uCT [-g(xC)]
Jr the other rarg, accercing to Thecrem 6, x0 is ar cptimal scluticr ¢f the fellewirg creocler
mir (wC F(x) + 0T (=gl
xe X
which yieles a centraciction. We have thereby corrpletec the grocf of (1)
If there exists x € X, x = x0 such that
(F(x3, -g(x)¥< (f(x0), -g(xC
rrep from w@ 20, 4 C 2 0 we have
wCT fx ¢ L0T [-g(x0] ¢ weT F(xO) ¢ 407 [-g(xC3].
From Trecrem 6 we rust have
wOT F(xy + .07 [~g(x3) = wOT f(xC) » .07 [~g(xC}], 13!
Or the cther hang, from the assumption of case (11), we have

wCT f(xy+ 40T [-g(x2] > O

wCT F(xC+ OT [-g(xC3] = 0
~hich certracicts (8] we have therefcere cemrpletec the proct ¢f (11

If trere exists x € X, x = xO sucr that

(f(x3, -gOx ¢ (f(x9 -cixCy)
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16
trer frem w9 > 0, u%> 0 we have
wOT f(x) + uOT [-g(x)] < WOT f(x0) + 0T [-¢(xO]
which yielcs a centradiction. We have thus provea (iii).
2eD
Frem Definition 1, ..., Definition. 4 and Thecrem 7 we have Cercllary 1 arc Cercllary, 2.

cercllary 1.0 Assuming the (A1), (A2), (A3) and (A4), we have
an If xC e X is weak DEA efficient, then x0 is also weak aretc
efficiert for the multiobjective programming preelem (VD)
(1) 1f x@e X 1sDEA efficient, then x0 1s alsc Paretc efficiert for the
multiot ective crogrammirg problem (V25
Torsilar, 20 1 (wCL LCTY 2 0, 4 = 0 satisfies
wOT f(x) + 407 [-g(x}] 2 0 for all x € X
arc x* € X such that

wO T f(x™) + w07 [-g(x™)] = 0,

1w s weak 2zretce efficient for the multict ective crogramming
creelem V2]

T dfferallx e X, x = x” satisfies
wCT O+ 07 [=g(x2] > 0
trer x” Is 2aretc efficient for the multict ective gregramming

croglemr (V23S

s 1f w0, L85 Cotrer 4T 1S Daretc efficiert for tha mLItIcE R0t e Srogran e e
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17
ther
wrTE(x) + u*T[-gx)] 2 0 ferall xe X,
u*Tgix* = 1,
w* > 0, u* 2 0,
arc
wrTf(x*) + u*T[-g(x*)] = 0
Since w* f(x*) = u*Tg(x*) = 1 we have that (w*,u*} is an cptimal soluticr of the
fclicwirg program,
TN W f(x*)
St w0 + 2T [-g0] 2 0 for all x € X,
p_g(x‘> = |,
w20 420
Acceraing te Thecrem 7, the results (i3, (113 ana (111) are true
QED

“recram 3 Assuminrg (A1), (A2), (A3 ana (A4), If (AC(x} for all xeX, sC7, s€* 2.0 15 an

sctimral sciutien ¢f Pregram (D), then

) If 2,0 = 1 tren x0 15 weak Pareto efficient for the multichiective

cregrammirg proclem (VB3

‘113 10250 = 1angsO7 = 0,50% = o, then xO is Pareto efficiert for the
TLitictective grogramrming protlem (Vo)
Jrcof  Acceraing to assurrption (A4), Thecrem S and Thecrem 7 ((i) arg (111}, the results cof
"me trecrem are true
QED.
Ir gereral, Pareto efficiency for the multicbiective prcgramming problem (VPR3 1S rot

recessarily DEA efficiency even for the case of a finite number of DMU's, for example, we
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cersicer 2 DEA mocel which has 2 DMU's and a single output anc single input. Ficure ! previces

2r 1ustratior in which 2 DMU's are represented by points z! anc 22, where .

f(z) = xy, ¢ = yy

are
X = (21,22 = (4, 33,3, 1) .
Now o test the efficiency of z!, consicer the program: *'g“: )
(" min aw e e
st 4w -3u 2 0 2
< 3w-1u 20 3
Ju o=
- w20, ¢20
we firg as cetimal selutior Figure 1
wC = 17450, 0 =1/3>0
arc
V=1

Srame Defiriticn 1, DMUzZ! is DEA efficient.

Now te test the efficiency of 2, consider the program.
(— mir 3w

st 4w -3u 20

< 3w=-1g 20

‘we firg the cotimal sclution
wé =3/4> 0 u=1>0

arc
Vp = 9/4 5 1

L

IR RN
P YA
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Therefcre DMUz2 is not DEA efficient.

- ¥,
. A a4 &
DA

Ncw the cerresponaing multiobjective programming problem is

‘Q;'O
1. - '. -
'\.\ v -min (X1, -yp)
N
ol (v2]
W
st.z = (X', yh e (4, 3,3, 1)
-~
::'_ Frem Figure | we know that z! ana z2 are Pareto efficient for the multicbjective programmirg
'...‘
oY L]
o proeolem (VB3
. Let
v,
o) X
- C(X>={Z>\le:zJeX,A}-zO,;.=I,2,...,K, k21}
o !
L we krew that C(X) is a convex cone. Now we consider the multictective programminrg
A
‘o i
o problem:
5 Vo= min (fp (x), .., fq(x), -g1(x), .., =gg(x))
4%
(Va7
=
- s.t. x € C(X)
";; arc stucy the relation between DEA efficiency and Pareto efficiency of the multicbjective
:). gregramming problem (VP
e, o
«3 Lerma 5. Assuming (A1) and (A2), then the following linear inequality system
e -
wT f(x)+ g7 [-g(x)] 2 0 forall x € X,
o wo vel,
< -
o u el
-q_ Is “carcrically closea.”
- Srocf By usirg amethod similar to that in Lemma 2, we can prove that the set of ccefficients cf
-
:;’: the lirear irecuality system is cecmpact and there exists an interior point 1n the linear
)
X irecuality system
& QED
a8
o
W
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Assumpticn (AS) f(x) ana g(x; are linear vector functiors which are cefinec cver Ry

Assumpticn (AB): There exists an cptimal sclution to the semi-infirite progrem:

min (w' f(x0 + 17 [-g(xO)]

—~—

stow' fO0+ u’ [-g00l 20 forall x € X
w’ ze’,
ur sel.

“hecrem 9. Assuming (A1), (A2}, (A3), (A4), (AS) and (AB), if xC e X is Paretc efficiert for
the multich ective programming protblem (VP), then DMU xO is DEA efficient.

>reof. Since xO € X is Paretc efficient for (VP*), the following linear irecuality susten

2 Cfx), —ax DA ¢ (f(xC3, -g(x0))
XEX

Alx3 20, forallx e X

A=IAx) xeX] esS(see[8]D

's ircorsistent. In fact, if there exists a solution A™ = [A™(x): x € X] € S, then accercing to

fAS; we have

O AT %) = 2 A% (%) f(x)
XEX XeX
2rc
=g Z AT - x) = IAT 0 [-g(x)],
XEX XEX
thus
f(Z A" () % AT ) f(x0;
xeX XEX.
= <
-6(Z AT OO x) ZNT00 [=gtx0] -G(x0;
xeX XEX
Sirce I AT(x) - x € C(X3, then xC is not Dareto efficiert for (VD).
xEX
1
\
|
o IR g {1 e R R N i s AL P e -
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We corsicer the pair of Program (2) ang Pregram (D}

mir (w! f(x® + uT [~g(xO))])

(3 st.ow oo+ ul [~g(x] 20 forall x € X,
W xe
. 2e
arc
( max(e sT+e s
s.t. 2 f(x) Nx) + 87 = f(x9,
XEX
P < SI-GOCINX) + s+ = [-g(x%)]
XEX
AT 2 0 forallx € X
\___ s 20, s':0
arere (Ax) xeXx] e S

Accercing to Lemma S ard the Inhemogeneous Haar theorem (see “hecrem 2., trere 2re

sctimal selutions for Program (P) and Program (D) anc
T

min (wTf(x®) + uT[-g(x®]) = max (8Ts™ +eTs*y = 0
fsirce () is inconsistent, the optimal value max (eTs™ + eTs*) = 0).

_2t (w©,.0) be an optimal solution of Program (B), then w® > 0, uC > 0 anc fer all x € X

wOTf0x) + uOT(-g0] 2 0 = wOTF(x0) + uOT[-g(xC3). (9,

N* = w0 / uO.‘-g(xO> , u* = “O / HOTg(xO) , [N

N p -f . ) Ud PR L .1'.;." !).'- ,'1 \- ,"- %n \'- ," [ -?' '--,‘ N _-_.’ .‘. -'_‘...‘ R . . N
e, Pa Ve, 100 ,'.D.‘.,l pS AP Al AN A X p R R T T vt ) . |
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\:.‘.: “moe 30 2re (100 we can get
W flxt e T l-ga0] 2 0 forall x € X, .
A..\-‘
::::,\.. “*_g(xo> = ]‘
S
:\:'.:' N D O, ,"‘* > O

Tharatira Ca X, L*as 2r cptimal selutien of the 2regram

s TIir W k)

stow flg+ L [-cxl] 20 ferallxex

2
PYYY;

»
J%) 7

i

,-:(,«Ofi

ar o~

o D Wt O, W f(xC‘; = |

~zzirerg s the Cefiriticn 1, DMUxC 1s CEA efficient.

23
Thosrem 1D ASSUMING (AT TAZY TAT TALY PAS, 2ro i AGT S g v apg T o DA

B srizant trer kO Darets efficiert for the multich ective proaremmirg orsgiae (30

F‘*

.' - - -~ .~ -~ . . - , ~ o - - .
b -TlitoAczoeming o Cersiiary 1 i, f DMUXC s DEA efficiert, trer <D g Sarets et ficert Tor
W

¢ e -
WY nermLTieroecttive grogramrmirg crotler (V20 New we prove that <Y s alss 2arsts affioan
K

Timorra e itisrrective pragramrmirg orotlem 02

ool
= Trim Trecrem £ e nave that for 2l <2 X

LS

.‘..\ -~ AT ~ - LA
‘.‘:r._ e R >oOowe Nl e [—:‘,'4] = 7
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rus for all o= COX0 we car cet

ok k
SENERNE 1000 WSS AN P°10-5 W80
o7 =i
D ok
=G TNk ) 2N gkl
(‘:] ’ ‘:‘ -
L< Ead —
=3 (wC f(x + W& [-oxDA
c= ‘
< — —
AR LRI E TR I
= Wl RS 0T fag(xC
nwTetr 2N 20, =02 K.

Srce w0, L0 0 werave trat xO is aretc efficient fer the multick ective

rarereers orotiem (V2T isee the procf of Thecrem 7 (1114
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4 Case cf a firite number of DMUS’

ir 2regram (P) anc Pregram (D) we take

X={Z Z2=&,Y ,;=1,2 .,

p oy

N2 ex g =V,
nrere x- €Rp, Y €Rg, 1=1,2,.,n and

2=(X, Y €XCRm+s

“hLs we can get the pair of program (P) and (D) corresponding to the case of 2 firite

~.mreer ¢f DMUS:

s.t W—X1"JT(—YVX).>.O’J=]‘2I LN
_ w20,u20
arc
o max g
n
St ZIXjA*ST X,
=1
oy n

T YA+ 8T =20 (Yyg)
‘ ) J:]
F".r":
Al Aj20, 1= 1, .,
ST
e 305 50,
i N—
NI wbere ,e{1,2, .., n}
T
ol Obviously, the pair of Program (P) and Program (D) are stancarg linear Lregramming
P
P My

cretiems. Sc are (P) anc (D). For stangard linear programming, ASSumptions (A1), (A2,

(AZ), (A4), (AS), (AB) naturally hold. So all of the conclusions we gct in the fermer secticrs

TR T R ATet Oy _\"-‘J
et }.‘Mﬂ‘:ﬂ‘_“- F o \'."w'.h"\:k'h‘n'h\’h
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certainly relc urcer the situatier ¢f a firtte rumrter ¢f DMUs Thus, we 2isc car get the

rLitictiective programmirg preelems (V23 arc (V27

o Vo mir (X, X2, o, X, T Y2, L T

(Vo)

K. st (X, ¥} e {X, ¥ =12, .,

arc

':{'f

¥
a’a
) [ 4

P A

(V2%

ok

\ n

st OGY) € {Z X, YDA o N 20,00, )

r_.~ =1

Lo

o “hecrem 11, For the case of a finite number of 'DMUS’ we have

, (i} if the joth DMU is (weak) DEA efficient, then (x g, y-o/ IS (weak’
‘ - -
-v

\i‘ 2zrete efficient for the multiobjective pregramming preblem (V20

by (11} the Jotn DMU is DEA efficient if anc only if ( x.g, 9:O> 1S Daretc

. - ‘ ‘ . ,

- efficiert for the multiobjective programming pretblem (V27
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